















FI ca b Daf gs ftp.t ha.yefftxeYdEunitvector
Frectionalderivative of f at XoYoZn in the direction of it

If
Yaf xo.gl

Def x.gl fxlx.gl a fy xy b
y

if so E 41,07 Daf Fx E 0,17 Def fy
Gradient Pfixy cfxcx.gl Fy xy Def ix y Df w̅

S Flay Z k
the tangentplane to level surface Flay Z K at Plxayo Zolevel surface

Fx Xo Yo Zo x Xo Fy XoYo 2 lyYo Fz XoYo 20 7 201 0
XoYo Zo point on S

at normal line to S at P
e't line through P and orthogonal to tangentplo

i e it's divertion veitor is PF Xo yo 201by
S

k F x 201 fix 2 ÉTx y z



Local Extrema
flx.gl

A function flx.gl has a local maxima

at la bl if fixy f a b when ix y
is near a b

11 local minimum at a b

if flx.gl Fla b Vinyl near la b

If f has a local maximum or minimum at la b

then F a b D and Fyla b 0

Pmk i e Pf a bl 0

Idea let g x fix b

has local max min at la b has local max min at a

Fermat 1hm
01 0 Sinie g al Fx a bl f a b 0



Recall that the equation of the tangentplane to the

graph of flx.gl at the point lxo.yo.fi f
is given by

fxlxo.Y.lt XoltFylxo Yo7ly yo 12 201 0

If Flayl has a local max min at XoYo
then f Xoyo 0 and Fy Xo Yo 0

the tangentplane at local maximin
is horizontal

A point la bl is called a critical point of f if
7 10 b D and Fy a b 0

Rmd local min max is a critical point



Ex flx.gl ty 2x 3g 7 Find all critical points
Is it local maximin

Lol fxlx.gl 2 2

fylx.gl zy 3
Fx 1 fyle E 0

The only critical point is 11

Note that fixy Ix 1 ly E for all x.gl

Therefore f t E is a local minimum

in fact it is the absolute minimum



Find the extreme values of fixy y _x

Il Fx IX g 2x

fylx.gl ay
190 is the only critical point

at 10,9 Flay 0

at 1 101 f x 01 0

10,01 is neither local max

her local min

10,01 is a saddle point of f

ki

Critical points local maximum

local minimum

saddle point



Sup la point off lie f lab o and Fylab 0

Set D Dla b Fxx a b fyy a b Fy a b

a If D O and Fala b 0 then f a b local min

b If D O and Fala b so then f a b local max

C IF D O then fla b is a saddle point of f

Rd If 0 0 the test gives no information

1
D ffjffyg fxxfyy

lfxy.IE

Find local maximin and saddle points of

fixy ay 4xy 1

Sd 1 fxlx.gl 9
3
4g y o y x

fylx.gl 4y ax y D 1 313 0

0 1
8
1 1 4 111 4 1 14 1 2 1



0 4 1 1 y x

10,0 11,1 1 1 1 are critical points
2 Dixiy Fxx 12

2

Fxy 4 fyy 12y

Dixy
f f

112 x'y 1 412 144 42 16
Fyx Fyy

3 010,01 16 CO f10,0 saddle point
D 1 1 144 16 12870

Fxx 11,1 12 0
f 1,11 1 local min

D1 1 1 12870

Fxx 1 11 1230
Fl 1 11 1 loral min


